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Introduction — Correlations

q-particle density ρq(p1, ..., pq) = 1
σtot

dqσq(p1,...,pq)
dp1...dpq

whereσq is inclusivecrosssection
Normalization:

R
ρ1(p) dp = hniR

ρ2(p1, p2) dp1 dp2 = hn(n � 1)i

In terms of `factorial cumulants',C

\trivial" 3-particle correlations
\genuine" 3-particle correlations

ρ1(p1) = C1(p1)
ρ2(p1, p2) = C1(p1)C1(p2) + C2(p1, p2)

ρ3(p1, p2, p3)) = C1(p1)C1(p2)C1(p3)
+

P
3 perms C1(p1)C2(p2, p3)

+ C3(p1, p2, p3)

2-particle correlations C2 = ρ2(p1, p2) � C1(p1)C1(p2)

Convenientto normalize Rq =
ρqQ q

i=1 ρ1(pi)
Kq =

CqQ q
i=1 ρ1(pi)

e.g., R2 = 1 + C2
ρ1(p1)ρ1(p2)

= 1 + K2
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Introduction — BEC
To study BEC, not other correlations,
replace

Q q
i=1 ρ1(pi) by ρ0(p1, ..., pq),

the q-particle density if no BEC
(referencesample)
e.g., 2-particle BEC are studied in
terms of

R2(p1, p2) =
ρ(p1, p2)

ρ0(p1, p2)

Since2-π BEC only at small
Q =

p
� (p1 � p2)2=

p
M2

12 � 4m2
π,

integrateoverother variables

R2(Q) =
ρ(Q)

ρ0(Q)

Assumingincoherentparticle production
and spatial sourcedensity S(x),

R2(Q) = 1 + jG(Q)j2

whereG(Q)=
R

dx eiQxS(x) is the Fourier
transform of S(x)
AssumingS(x) is a Gaussianwith radiusr
=)

R2(Q) = 1 + e� Q2r2
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R2(Q) ∝ 1 + λe−Q2r2

Assumes

� incoherentaverageoversource
λ tries to accountfor

– partial coherence
– multiple (distinguishable)sources,

long-livedresonances
– pion purity

� spherical(radiusr) Gaussiandensity
of particle emitters
seemsunlikely in e+e� annihilation

| jets

� static source,i.e., no t-dependence
certainlywrong

Nevertheless,this Gaussianformula is
the most often usedparametrization
And it works fairly well
But what do the values of λ and r
actually mean?

When Gaussianparametrization does
not �t well, can expand about the
Gaussian(Edgeworth expansion).
Keepingonly the lowest-order
non-Gaussianterm,
exp (� Q2r2) becomes

exp
�
� Q2r2

�
�
h
1 +

κ

3!
H3(Qr)

i

(H3 is third-orderHermitepolynomial)
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Experimental Problems I

I. Pion purity

1. mis-identi�ed pions{ K, p
{ correct by MC. { But is it correct?

2. resonances
- long-liveda�ect λ
BEC peaknarrower than resolution
- short-lived, e.g., ρ, - a�ect r
{ correct by MC. { But is it correct?

3. weakdecays
- � 20% of Z decays are bb̄

like long-livedresonances,
decreaseλ

� per Z: 17.0π� , 2.3K� , 1.0p
(15% non-π)

Origin of π+ in Z decay (%)
(JETSET 7.4)

direct (string fragmentation) 16

decay (short-lived resonances) 62
Γ > 6.7 MeV, τ < 30 fm

(ρ, ω, K� , ∆, ...)

decay (long-livedresonances) 22
Γ < 6.7 MeV, τ > 30 fm
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Experimental Problems II

II. ReferenceSample,ρ0

| it doesNOT exist
Commonchoices:
1. +, � pairs

But di�erent resonancesthan +,+
{ correct by MC. { But is it correct?

2. Monte Carlo | But is it correct?
3. Mixed events{ pair particles from

di�erent events
But destroys all correlations, not
just BEC
{ correct by MC. { But is it correct?

4. Mixed hemispheres(for 2-jet events)
{ pair particle with particle re
ected
from opposite hemisphere
But destroys all correlations
{ correct by MC. { But is it correct?

η K� ρ

R2 OPAL,Z.Phys.C72(1996)389
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Experimental Problems III, IV
III. Final-StateInteractions
1. Coulomb

- form not certain
- for R2, a few % in lowest Q bin
- doubleif +, � ref. sample
- often neglectedfor R2

- but not negligiblefor R3

2. Strong interaction - S = 0 ππ
phase shifts can be incorporated
together with Coulomb into the
formula for R2

Osada, Sano, Biyajima, Z.Phys. C72(1996)285)

- tendsto increaseλ anddecreaser
e.g., OPAL data:

λnoFSI = 0.71, λFSI = 1.0
rnoFSI = 1.34, rFSI = 1.09 fm

- Not usedby experimentalgroups
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0 0.5 1 1.5 2
Q2 (GeV)

0.96

0.98

1

1.02

1.04

1.06

1.08

1/
G

2 (Q
2)

Q3 (GeV)

1/
G

3(Q
3)

(b)

0.96

0.98

1

1.02

1.04

1.06

1.08

0 0.5 1 1.5 2

Figure 8: The Coulomb correction to the BEC correlation function [?]. (a) For two identical charged-
pion systems as a function of Q2 and (b) for the three charged pion systems as a function of Q3.

4.2.2 Strong final state interactions

The simultaneous effect of both the Coulomb and the strong interaction scattering of two iden-
tical charged pions on the BEC analyses have been lately worked out and reported in Ref. [?]
where references to earlier studies are also included. The FSI of the strong type are limited,
due to the short range of strong interaction, to the s-wave alone. For the π±π± system the
FSI dependence on Q is given by the well measured I� � = 2 phase shift δ

(2)
0 (Q) which can be

incorporated into the BEC function.

An example for the inclusion of FSI in a BEC analysis Ref. [?] is illustrated in Fig. 3. In
this figure the data points shown are the π±π± correlation function versus Q as measured by
the OPAL collaboration [?] in the hadronic Z0 decays. The solid line represents the fit results
to the BEC function including Coulomb and strong FSI whereas the dashed line is the outcome
of a fit where the FSI were ignored. In a systematic study of the FSI in several BEC analyses
applied to e+e− ! pions data collected at energies on the Z0 mass and below, it was found
that in general the inclusion of the FSI tends to increase λ and decrease the r value [?].

5 The 1-Dimensional correlation results

5.1 The ππ Bose-Einstein correlation

The major information concerning the BEC features is coming from the π±π± system which
has been analysed in a large variety of particle reactions and over a wide range of centre of
mass energies. In Table 1 results obtained from the 1-dimensional BEC analyses of two iden-
tical pions produced in e+e− annihilation in the energy range from 29 to 91 GeV are listed.
The values for r2 and λ2 are divided into two groups according to the reference sample type
that was used. In Method I the reference sample chosen was the data π±π∓ system whereas
in Method II the reference sample used was either a generated Monte Carlo sample plus a full

19

In terms of the variable Q and the dimension rG, introduced by Goldhaber et al. [?, ?], the
correlation function in the completely chaotic limit is equal to

C2(Q) = 1 + e−r2
G Q2

. (8)

In the completelycoherent caseit canbe shown [?] that C2(Q) = 1. In order to accommodate
those caseswhere the sourceis not completely chaotic one introducesa chaoticity parameter
λ2 which can vary betweenthe value0, corresponding to a completecoherent case,to the value
1 at the total chaotic limit. Thus Eq. (8) is transformed to the GGLP form

C2(Q) = N (1 + λ2e
−r2

G Q2
) , (9)

whereN is added as a normalisation factor. Since the strength of the BEC e�ect depends
alsoon the experimental data quality, like the purit y of the identical bosonsample,λ2 is often
also referred to as the BEC strength parameter. In the following, unlessotherwise stated,
we will denoteby r the dimensionvaluesobtained from BEC analyseswhich usedthe GGLP
parametrisation, that is r ≡ rG. Two examplesof a typical behaviour of the correlation function
C2(Q) of identical chargedpion-pairs are shown in Fig. 3. The �rst are the resultsof OPAL [?]
where the pion-pairs were taken from the hadronic Z0 decays and the secondreported by the
ZEUS collaboration [?] in their study of the deepinelastic ep scatteringproducedat the HERA
collider.
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Results from R2,
√

s = MZ

{ correction for π purity increasesλ
{ mixedref. givessmallerλ, r than + { ref.

W. J. Metzger — BEC in e+e� — WPCF, Kromě̌ŕıž — 16 August 2005 7



√
s dependence of r

No evidencefor
p

s dependence
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Mass dependence of r — BEC and FDC

No evidencefor r � 1/
p

m r(mesons) > r(baryons)
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Multiplicity/Jet dependence of λ, r
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Multiplicit y dependenceis largely due to number of jets.
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Elongation of the source

The usualparametrizationassumesa symmetricGaussiansource
But, there is no reasonto expect this symmetryin e+e� ! qq̄.
Therefore, do a 3-dim. analysisin the LongitudinalCenterof MassSystem

LCMS:

Boost each π-pair along
thrust axis

thrust axisQL

Qout

p
→

1

p
→

2

p
→

1+p
→

2

pL1 = � pL2

~p1 + ~p2 de�nes `out' axis

Qside ? (QL, Qout)

W. J. Metzger — BEC in e+e� — WPCF, Kromě̌ŕıž — 16 August 2005 11



the LCMS

Advantagesof LCMS:

Q2 = Q2
L + Q2

side + Q2
out � (∆E)2

= Q2
L + Q2

side + Q2
out (1 � β2) whereβ �

pout 1 + pout 2

E1 + E2

Thus, the energydi�erence,
and therefore the di�erence in emissiontime of the pions
couplesonly to the out-component, Qout.

Thus,
QL and Qside re
ect only spatial dimensionsof the source
Qout re
ects a mixture of spatial and temporal dimensions.
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Parametrization of R2

Writing R2 in terms of ~Q = (QL, Qside, Qout): R2( ~Q) = ρ( ~Q)

ρ0( ~Q)

We parametrizeR2( ~Q) by a 3-dimensionalGaussian

R2(QL, Qout, Qside) = γ � (1 + λG) � B

where

� γ = normalization (� 1)

� λ = \incoherence",or strength of BE e�ect

� G = azimuthallysymmetricGaussian:

G = exp
�
� r2

LQ
2
L � r2

outQ
2
out � r2

sideQ
2
side + 2ρL,outrLroutQLQout

�

� B = (1 + δQL + εQout + ξQside) describeslarge Q (long-rangecorrelations)
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Elongation Results (L3)

parameter Gaussian Edgeworth

� 0:41 � 0:01+0.02
� 0.19 0:54 � 0:02+0.04

� 0.26

r L (fm) 0:74 � 0:02+0.04
� 0.03 0:69 � 0:02+0.04

� 0.03

r out (fm) 0:53 � 0:02+0.05
� 0.06 0:44 � 0:02+0.05

� 0.06

r side (fm) 0:59 � 0:01+0.03
� 0.13 0:56 � 0:02+0.03

� 0.12

r out=r L 0:71 � 0:02+0.05
� 0.08 0:65 � 0:03+0.06

� 0.09

r side=r L 0:80 � 0:02+0.03
� 0.18 0:81 � 0:02+0.03

� 0.19

� L { 0:5 � 0:1+0.1
� 0.2

� out { 0:8 � 0:1 � 0:3
� side { 0:1 � 0:1 � 0:3

� 0:025 � 0:005+0.014
� 0.015 0:036 � 0:007+0.012

� 0.023

� 0:005 � 0:005+0.034
� 0.012 0:011 � 0:005+0.037

� 0.012

� � 0:035 � 0:005+0.031
� 0.024 � 0:022 � 0:006+0.020

� 0.025

� 2=DoF 2314/2189 2220/2186
C.L. (%) 3.1 30

� ρL,out = 0 So �x to 0.

� Edgeworth �t
signi�cantly
better than Gaussian

� rside/rL < 1
more than 5 std. dev.
Elongation
alongthrust axis

� Modelswhich assume
a sphericalsourceare
too simple.
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Elongation Results
Gauss/ 2-D 3-D

Edgeworth rt/rL rside/rL

delphi mixed 2-jet Gauss 0.62� 0.02� 0.05 |

aleph mixed 2-jet Gauss 0.61� 0.01� 0.?? |
+ { 2-jet Gauss 0.91� 0.02� 0.?? |

mixed 2-jet Edgeworth 0.68� 0.01� 0.?? |
+ { 2-jet Edgeworth 0.84� 0.02� 0.?? |

opal + { 2-jet Gauss | 0.82� 0.02� 0.01
0.05

l 3 mixed all Gauss | 0.80� 0.02� 0.03
0.18

mixed all Edgeworth | 0.81� 0.02� 0.03
0.19

� 20% elongationalong thrust axis

(zeus �nds similar resultsin ep)

ycut

r l
/r

t s
id

e
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(e)
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OPAL:

Elongation larger
for narrower jets
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3π BEC

SinceBEC at smallQ3

�
Q2

3 = M2
123 � 9m2

π = Q2
12 + Q2

23 + Q2
13

�

we use R3(Q3) =
ρ(Q3)

ρ0(Q3)
and R2 =

ρ(Q)

ρ0(Q)

Rnongen
3 (Q3) = 1 +

X

3 perm
Q3

ρ1ρ2

ρ0
� 3 = 1 +

X

3 perm
Q3

[R2(Q12) � 1]

Rgenuine
3 (Q3) = 1 +

C3(Q3)

ρ0(Q3)

= 1 + R3(Q3) � Rnongen
3 (Q3)
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3π BEC
Assumingstatic sourcedensity f(x) in space-time,
with Fourier transform G(Q)=

R
dx eiQxf(x) = Geiφ,

R2(Q)=1 + λjG(Q)j2 , λ = 1

R3(Q3)=1 + λ
�
jG(Q12)j2 + jG(Q23)j2 + jG(Q13)j2

�
| {z }

from 2-particle BEC

+ 2λ1.5 <f G(Q12)G(Q23)G(Q13)g| {z }
from genuine 3-particle BEC

Rgenuine
3 =1 + 2λ1.5 <f G(Q12)G(Q23)G(Q13)g

ω =
Rgenuine

3 (Q3) � 1

2
p

(R2(Q12) � 1)(R2(Q23) � 1)(R2(Q13) � 1)

where ω = cos(φ12 + φ23 + φ13)

ω =
Rgenuine

3 (Q3) � 1

2
p

R2(Q3) � 1
if f(x) is Gaussian

Completelyincoherentparticle production implies λ = 1 ω = 1
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3π BEC

(c)
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R
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ω =
R

genuine
3 (Q3)−1

2
√

R2(Q3)−1
UsingRgenuine

3 from data, R2 from �t
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Conclusion:Data consistentwith ω = 1,
i.e., with completelyincoherentpion production
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3π BEC

L3:

from Gaussian Edgeworth

R2 λ 0.45 � 0.06 � 0.03 0.72 � 0.08 � 0.03

Rgenuine
3 0.47 � 0.07 � 0.03 0.75 � 0.10 � 0.03

R2 r 0.65 � 0.03 � 0.03 0.74 � 0.06 � 0.02

Rgenuine
3 (fm) 0.65 � 0.06 � 0.03 0.72 � 0.08 � 0.03

Valuesof λ, r from Gaussian, Edgeworth are di�erent

Valuesof λ, r from R2 and Rgenuine
3 are consistent.

expt. λ r

mark-i i R2 0.45 � 0.03 � 0.04 1.01 � 0.09 � 0.06
(29GeV) R3 0.54 � 0.06 � 0.05 0.90 � 0.06 � 0.06

delphi R2 0.35 � 0.04 � 0.?? 0.42 � 0.04 � 0.??
Rgenuine

3 0.53 � 0.07 � 0.10 0.93 � 0.06 � 0.04

opal R2 0.76 � 0.03 � 0.05 1.00 � 0.02+0.02
� 0.10

Rgenuine
3 0.79 � 0.01 � 0.06 0.82 � 0.01 � 0.04

Valuesof λ, r from
R2 and R3 are
fairly consistent.
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BEC in String Models
LongitudinalBEC

� Di�erent string con�gurations give
same�nal state

� Matrix element to get a �nal state
dependson area, A:
M = exp [(ıκ � b/2)A]
whereκ is the string tension
and b is the decay constant
κ � 1 GeV/fm and b � 0.3 GeV/fm

� So, must sumall the amplitudes
But 3-π BEC incoherent ??

A

1 2I

q q0 0

1
I

2
b

a

b

a

k bk
k ak

-
-

DA

TransverseBEC

� Transversemomentumvia tunneling,
alsorelatedto b

Usingb from tuning of jetset , predict

� BEC,
includinggenuine3-particle BEC

� rt < rL

� r(π0π0) < r(π+π+)
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2-particle BEC π0π0 and π±π±

� Many measurementsof BEC with chargedπ's
� but few with π0's

in e+e� : L3, P.L. B524 (2002) 55 OPAL, P.L. B559 (2003) 131

Selection:
opal l 3

pπ0 > 1.0 GeV E(π0) < 6.0 GeV
2-jet, T > 0.9 all events

� Naivelyexpect sameBEC for π0π0 and π� π�

� Hadronizationwith local charge conservation,
e.g., string, =) R00 < R��

� But most π's from resonances| dilutes this e�ect.
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2-particle BEC π0π0 and π±π±
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2-particle BEC π0π0 and π±π±

BEC from Z decays
Gaussianparametrization

Expt. ρ0 R (fm) λ

�� opal +{ 1.00+0.03
� 0.10 0.57 � 0.05

l 3 mix 0.65 � 0.04 0.45 � 0.07
l 3 3-π mix 0.65 � 0.07 0.47 � 0.08
l 3 Eπ < 6 GeV MC 0.46 � 0.01 0.29 � 0.03

00 l 3 Eπ < 6 GeV MC 0.31 � 0.10 0.16 � 0.09
opal Eπ > 1, 2-jet MC 0.59 � 0.09 0.55 � 0.14

� l 3: R00 < R�� and λ00 < λ�� , both 1.5σ
� aleph , delphi �nd R�� (mix)/R�� (+� ) � 0.68, 0.51

Applying this to opal R�� , opal R00 � R�� and λ00 � λ��

� l 3 and opal π0π0 resultsdisagreeby 2σ
� But l 3: R�� (all π) > R�� (< 6GeV), λ�� (all π) > λ�� (< 6GeV)

So, maybe R00(Eπ > 1) > R00(all), λ00(Eπ > 1) > λ(all)
� Is the l 3-opal π0π0 di�erence due to Eπ > 1 GeV and/or 2-jet ???
� opal : MC shows that few of selectedπ0's are direct from string
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Another source of qq: W

e+e� ! W+W� ! qq`ν

0.8

1

1.2

1.4

1.6

1.8

2

0 0.5 1

Q [GeV]

R
2

L3

semi-hadronic

Z→udcs

Z→all

BE(W) = BE(Z ! light quarks)

e+e� ! W+W� ! qqqq
If independentdecay of W+W� ,
ρ4q(p1, p2) = ρ+(p1, p2) 1, 2 from W+

+ ρ� (p1, p2) 1, 2 from W�

+ ρ+(p1)ρ
� (p2) 1 from W+, 2 from W�

+ ρ+(p2)ρ
� (p1) 1 from W� , 2 from W+

Assumingρ+ = ρ� = ρ2q, W separation � 0.7 fm

ρ4q(p1, p2) = 2ρ2q(p1, p2) + 2ρ2q(p1)ρ2q(p2)

Inter-W BEC =) W decays not independent
=) this relation doesnot hold.
Measure

� ρ4q(p1, p2) from e+e� ! W+W� ! qqqq
� ρ2q(p1, p2) from e+e� ! W+W� ! qq`ν

� ρ2q(p1)ρ2q(p2) from ρmix(p1, p2) obtainedby mixing
`+νqq and qq`� ν events
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W+ W� → qqqq

Measureviolation of
ρ4q(Q) = 2ρ2q(Q) + 2ρmix(Q)

by

∆ρ(Q) = ρ4q(Q) � [2ρ2q(p1, p2) + 2ρmix(p1, p2)]

D(Q) =
ρ4q(Q)

2ρ2q(Q) + 2ρmix(Q)

δI(Q) =
∆ρ(Q)

2ρmix(Q)

δI(Q) measuresgenuineinter-W BEC

Compare to expectation of BE32 model in
pythia

-1 0 1 2 3 4

OPAL d
OPAL Dr
OPAL D’
OPAL  D

L3 Dr
L3 D’

DELPHI dI

ALEPH R*
ALEPH Dr ’
ALEPH D’

-0.13±0.56
-0.01±0.46
0.34±0.51
0.33±0.45

0.02±0.26
0.08±0.21

0.51±0.24

-0.23±0.41
-0.18±0.35
-0.05±0.22

LEP summer 2005

c2/dof = 3.5/3
LEP 0.17±0.13

fraction of model seen

inter-W
 B

E
C

delphi : 0.51 � 0.24 � 2σ
average:0.17 � 0.13 � 1σ
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W+ W� → qqqqdelphi resultsare �nally �nal
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But conclusionsare tricky: Also e�ect in (+, � )
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Summary

� Comparison betweenexperimentsis di�cult.
� referencesamples
� MC corrections

� No evidencefor
p

s dependenceof r
Multiplicit y dependenceis largely due to number of jets.

� r(mesons) > r(baryons) | no evidencefor r � 1/
p

m

� � 20% elongationalongthrust axis | consistentwith string model
� genuine3-π BEC, consistentwith 2-π BEC

consistentwith completeincoherence | inconsistentwith string model?
� R00 < R�� ??
� BEC is samein W ! qq and Z ! qq
� In W+W� ! qqqq, inter-W BEC is lessthan BEC within a singleW

but how much?
p

s-dependent? experimentalacceptancedependent?
BEC model (BE32) is inadequate
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